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Introduction. 

This  p a p e r  p r e s e n t s  an ana lys i s  of the sound f ie ld  g e n e r a t e d  by a s imple  
s o u r c e  which is s u r r o u n d e d  by a f lexible  c y l i n d r i c a l  tube of f ini te length.  
The acous t i c  p r o p e r t i e s  of the m a t e r i a l  of the tube wall  d i f f e r  only s l ight Iy  
f r o m  those  of the su r round i ng  m e d i u m .  A s s u m i n g  the th ickness  of the tube 
wall s ma l l  c o m p a r e d  to the wave length  of sound a p e r t u r b a t i o n  method ,  
often r e f e r r e d  to as the " B o r n  a p p r o x i m a t i o n " ,  can be used .  In this  ap-  
p r o x i m a t i o n  the whole s c a t t e r i n g  f ie ld  is c o n s i d e r e d  as a p e r t u r b a t i o n  
modi fy ing  the p r i m a r y  wave mo t ion  of the s imp le  s o u r c e  at  the o r ig in  
~s = r'l" e i(kr'wt)" 

The first Born approximation involves substituting the unperturbed wave 
function under the integral sign in the integral equation for scattering. The 
second approximation is obtained by substituting the first approximation 
for the unknown function and so on. An asymptotic solution is obtained for 
the sound pressure at large distances from the scattering region. 

Statement of the problem. 

A zero order spherical sound source supplying a constant volume velocity 
is located at the origin of a rectangular coordinate system x-y-z. 

A circular cylindrical tube of length 21, whose axis coincides with the 
x-axis, encloses the sound source at its center. The wall thickness of the 
tube is h, and the mean radius between outer- and inner cylinder surface 
is denoted by R. See figure below. ~y 
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T h e  s o u r c e  r a d i a t e s  a m o n o c h r o m a t i c  wave of f r e q u e n c y  w/2~r. The 
fol lowing a s s u m p t i o n s  about the p r o p e r t i e s  of the tube a r e  m a d e :  
T h e  f l ex ib i l i ty  of the tube wail  is such,  that  Young 's  modulus  of e l a s t i c i t y  
can be neg lec ted .  
The wall  t h i cknes s  h is  sm a l l  c o m p a r e d  to the cy l inde r  r ad ius  h / R  • 1. 
The  wall  t h i ckness  is sm a l l  c o m p a r e d  to the wave - l eng th  of the sound 
within the wail h/Xe << I. 
The acoustic properties of the tube material differ only slightly from those 
of the surrounding medium 

PlPo = 0(1) XIX c = 0(I) 
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With these assumptions the pressure- and velocity differences between 
inner and outer boundary of the tube-wall can be expressed in terms of 
the primary wave motion of the source at the origin. The boundary con- 
ditions on the inner and outer boundary, can be applied on the mean cylinder 
surface with radius R, after carrying out an analytical continuation of the 
velocity potential. 

The remaining solution of the Helmholtz equation, satisfying given con- 
ditions at a surface of discontinuity is straightforward and well-known. An 
asymptotic expansion of this solution at large distances from the origin 
can be made. 

The motion of the cylinder wall. 

T h e  p r o b l e m  is  r o t a t o r y  s y m m e t r i c  a r o u n d  the x - a x i s .  P o l a r  c o o r d i n a t e s  
x, r ,  C a r e  i n t r o d u c e d .  Due to the a s s u m p t i o n ,  the t h i c k n e s s  of the c y l i n d e r  
wa l l  i s  s m a l l  c o m p a r e d  to the wave  l eng th  of sound  wi th in  the w a l l  (h k c << 1), 
the p r e s s u r e  wi th in  the wal l  wi l l  be  eq u a l  to the m e a n  p r e s s u r e  at  the 
b o u n d a r i e s .  

So, 

Pi + Po 
P = 2 (1) 

w h e r e  s u b s c r i p t  i i n d i c a t e s  the i n n e r  r e g i o n  and o the o u t e r  r e g i o n  of the 
c y l i n d e r  s u r f a c e .  

L i n e a r i z i n g  f o r  s m a l l  v a l u e s  of h / R ,  the e q u a t i o n  of c o n t i n u i t y  b e c o m e s :  

~u 
Pc h R ~ -  + ~-~ (Pc h R) = 0 (2) 

the equation of motion in x direction: 

3p Ou 0 (3) b-~ + Pc a-~-=~_ 

the  e q u a t i o n  of m o t i o n  in r a d i a l  d i r e c t i o n :  

a2R 
Pi - Po = P c h  (4) 

3t 2 

The sound velocity within the wall of the tube is 

_ to 
c o :: fo (5) 

E l i m i n a t i n g  u f r o m  (2) and (3) and s u b s t i t u t i n g  (5) r e s u l t s  in to  

32 h 82 R 2 1 32p 1 I kc a2P 
. . . . .  + -- - -  + (6) 
Pc ~x 2 h 8t2 R at  2 pet02 8t2 

E x l P r e s s i n g  the e q u a t i o n s  (4 )  and (6) in t e r m s  of the v e l o c i t y  p o t e n t i a l  
(Rc)"  ~ (x ,  y,  z,  t) = ~(x, y, z)e  "l~t u s i n g  the c o n d i t i o n s  

3t  Or 2 

ah  O 
0-Y = or-- (r - 

(7) 
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Pi + Po 3 (q);+ (]L~ 
P -  2 = -~ 

we get the dimensionless equations: 

Pc h O (Vo + ~ i )  : 0 (8) 
~o - Wi P 2R a~ 

and 

Oc 0{ : 
(%+~i)+k ~R2(%+~0:0 (9) p an ~o - ~ +  ~-~ (Vo+~) + :-~ ag 2 

x and where ~ = 

= ~ are dimensionless polar coordinates r/ 

h 
~o = 9o(~, 1 + �89 ~) and 

h 
~i = ~~ 1 - �89 ~) is the velovity potential 

on. the outer- respectively inner cylinder surface, 

]By an analytical continuation of ~o and ~i on the mean cylinder surface 
1 

r/ = 1 ~ ~< ~, we can write 

h l h 8 ~Oo(~,l) + o l h  ) / ~\ 
~ao( ~. 1+ �89 br/ 

h h 3 ~oi(~,l)  + 0 ( h ~ )  
~oi(~, 1 - �89 ~) = ~oi( ~, i) - �89 R Or/ 

(lO) 

(11) 

The  d i scon t inuous  
t r a n s f o r m  into 

P 

bounda ry  condi t ions  on the c y l i n d e r  with r ad ius  R 

~ao-~i+ ~(I -~--)~--~�89 = 0 

at/8 (~ao_~i) + (1-~--c) a~2 - - 2  + (kcR  - --)P : I  + 0 

w h e r e  u s e  has  been  m a d e  of the fac t  that  ~ s a t i s f i e s  

(12) 

= 0  

(13) 

~2+ + i  a 
8r/2 r/ ~ + k2R ~ = 0 

Re la t ion  (12) is  Newton ' s  s econd  law fo r  the m o t i o n  of the c y l i n d e r  wall  
in r ad ia l  d i r ec t ion ,  while  (13) r e p r e s e n t s  the equa t ion  of wave m o t i o n  in 
axia l  d i r ec t i on  wi thin  the wall .  
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The approximate solution. 

If the a c o u s t i c  p r o p e r t i e s  of the c y l i n d e r w a l l  de v i a t e  only  s l i g h t l y  f r o m  
those  of the s u r r o u n d i n g  m e d i u m ,  we can  a p p l y  B o r n ' s  a p p r o x i m a t i o n  fo r  
i n h o m o g e n e  ous m e d i a .  

As  a z e r o  o r d e r  a p p r o x i m a t i o n  the p r i m a r y  wave  m o t i o n  of the s o u r c e  
a t  the o r i g i n  is  t aken  as  

e ikRr + 112 

= ~~ - ~/~2+ 72 (14) 

The first order approximation of the boundary conditions on the cylinder 
surface results into 

h Pc I e iki~ V/~2+ i 
~o '- ~i = - ~ (i - ~--) ( i kR  - -  ) (15) ~2+I 

and 

O (~Oo_~i) h P -1) 

ikR ~V~+i e ikR~/~2+l } 
8 e 2 2 p _ k 2 R  2) (16) 

8~ 2 ~ + ( k  c R -- 
+ Pc V~2+ 1 

The solution of the wave motion in first order approximation becomes 

C ~(~ '7 )  = (Ps + ~i/ J l  (~o) ' + /2(~o) d e ikh -R h/R ~o ~ 4 o O l  dO d~o (17) 

where 

h = ~/(~_~o)2+ 2 + 72 27 7oCOS(O-7 ) 
Y % - 

(18) 

is the distance between the point P(~, 7 cos 7, 7 sin 7) and the point 
Q(~o, 7o cos @, 7 0 sin @) on the cylinder surface (7o = i). 

The problem is axisymmetric, hence the solution is independent of 7. 
Take 7 = 0. 

The first part of the integral in (17) is the potential due to a source 
distribution on the cylinder surface with strength ~(~o) 

82 e ikR ~/~o+i 

1 ~ 1 h {(~-~ i) 8~o 2 1 + ~(~o) -- 4~87 (~o-~) - 4= R ~+ 
- % 2  

(k 2 2 p _k2R2)eikR $V~~ 
+ 

The second part of the integral in (17) can be considered as the potential 
due to a dipole distribution on the cylinder surface with strength ~(~o) 
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1 I h (i pP_~c)(ik R ~o2~i) e 'ka ~vz~+~ = - - - - ( 2 o )  /~(~o) ~ (~o ~~ 4~r R ~2 + 1 

We are especial ly in teres ted in the radiation of sound at large distances 
from the origin. 

It is easy to derive the asymptotic behaviour of the velocity potential 
expressed  in equation (17) for large values of ~2V~-$'--~. Introduce 

= v ~ + ~  2 e o s ~  

= ~/~2 +~}2 sins 

The asymptotic expansion for h ]~ reads 

I1 ~oC~ t~ + ~]o s in~  cos 0 ~2 +172 �89 ] h__ 
: + - 2 + - - - - j |  

R V~ +112 _ _ _ ~ 2  + 

k/~2 + ~2 [ I ~o cos~ + 1]o sin~ cos@ -I] 
_ + 0(~2 + 112) 

~/~2 + 112 

and 

ikh ikR e e 
h / R  = y/~2 + ~2 

112 t] e -ikR(~~176176 I + 0(~ 2 + )-= (21) 

The potential at the point P(~,1]) becomes 

eikR ~V~+~12 [ ~ / ~ 2  +112 ~ 1/R "ikR~~176 ~(~,~)  - 1 + 2It e {~(~o)Jo (kR s in  a.) -~ 
-1/R 

+ ~ o ) k R  s i n s  J l ( k R  s ins)}  d~o / (22) 
. $  

Substituting the expressions (19) and (20) for (Y(~o) and ~t(~o) and evaluating 
the integral  gives the final resul t  

~ ( ~ , 1 ] )  �9 V ~ +  112 R 2  
~Jo(kRsin~) @ -i cos(kleos~)12+R2 

�9 ikl - 1 e + -i sin(kl cos ~)kR coss ~ e  + 

1 2 2 _k.2 R2 d~ ~ + +~ {(kc R _k2R2cos2~)p__ sin2~} e 
Pc - R k/~o 2+I 

+~-~ kR sine Jl(kR sine) Ii . . . . .  kR- 1 d~ ~ 
- /R  ~o 2 + I 

( 2 3 )  
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Some particular solutions of the problem., 

The g e n e r a l  so lu t ion  as e x p r e s s e d  by equat ion 23 r e d u c e s  to a m o r e  
s imp le  r e s u l t  f o r  the fol lowing p a r t i c u l a r  c a s e s .  

Case I. 
The frequency of the sound emitted by the point source tends to zero. 

Expanding equation 23 in power series of the constant kR results into. 

{I h (i -.P ) R21 h 0(k2R2)} 2 +H ~(~, r~) 

So the ampl i tude  of the p e r t u r b e d  wave mot ion  is i n v e r s e l y  p r o p o r t i o n a l  
to the d i s t ance  ~ ,  and to the squa re  of the wave - l eng th  k. 

Case  2. 
The  f r e q u e n c y  of the sound wave tends to inf ini ty .  

Stil l  s a t i s fy ing  the condi t ions ,  hk c ,~ 1 and k / k  c is o r d e r  uni ty,  involves  
that  

h / R  << (kR) "1 a p p r o a c h e s  z e r o .  

For large values of the constant kR an asymptotic approximation of the 
integrals in expression 23 can be obtained by the application of the method 
of stationary phase. 

The mean contribution to the integral 

f i/~ iF, R ( ~  - ~ oo~,~) 
li : (~2 + 1)-�89 e dI~ 

"-,I(R) 

a r i s e s  f r o m  the ne ighbourhood  of that point  ~o of the i n t eg ra t i on  i n t e rva l  
at which the phase  of the o s c i l l a t o r y  p a r t  of the i n t eg rand  is s t a t i o n a r y .  

The value  of ~o is  d e t e r m i n e d  by the r e l a t i on  

d (V~2 d-~ + i ~ cos ~) : 0 

so ~o = cotg  (~. 
The i n t e g r a l  li is of o r d e r  (kR) "�89 when the s t a t i o n a r y  point  ~o l i e s  in 

the i n t e r i o r  of the i n t e r v a l  -1/R < ~ < 1/R and of o r d e r  (kR) "1 when ~o 
l i e s  outs ide  the i n t e rva l .  

The  a p p r o x i m a t e  so lu t ion  is 

V sin \/kR 2-f~ ei'kR sin a + E) 1 = 4 + 0(kR) "3/2 if cotg ~ ~< Ii 

1 = 0(kR) "i if cotg  (~ > 

Likewise the second integral in equation 23 becomes 

,1/R 
12 = ~ {(~9 + 1)-1 ikR -(~2 + l)-3/2}eika0/~2 + i- ~ cos a) d~ = 

_�89 I = i~/2~kR sin ~ e i(kRsinc~§ + 0(kR) if cotg a ..< 

1 
= 0(I) if cotg a > ~ 
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Using the a sympto t i c  e x p r e s s i o n s  of the b e s s e l f u n c t i o n s  Jo(kR sin a) and 
J l ( k R  sin a) fo r  l a r g e  va lues  of kR the final  r e s u l t  b e c o m e s  

[ hi I~(~,, ,)1 = (e2 + ~2)~ i + . ~  �89 kR 

k c p + P + 0(kR} +z 

k 2 sin 2 a Pc Pc 

[ h 0(kR),�89 = (~= +~9) -~  1 + 

s in  a cos(2 kR sin a ) .  

i 
if cotg  a < 

1 
if cotg  a > 

F r o m  the above it can be concluded that the p e r t u r b a t i o n  of the p r i m a r y  
wave  mot ion  at l a rge  d i s t ances  f r o m  the s o u r c e  is  g r e a t e r  in the " shadow 

1 1 reg ion"  cotg ~ ~ than it is in the reg ion  cotg  ~ > ~ .  Whe the r  the in tens i ty  

of the r ad ia t ed  sound in the shadow reg ion  is i n c r e a s e d  o r  d e c r e a s e d  depends  
c -  P P Pc 

- -  + �9 

on the sign of the t e r m  k 2 s i n 2 a  Pc Pc P 

Case  3. 
When the length of the cy l ind r i ca l  tube tends to infinity the in t eg ra l s  in 

equat ion  23 can be wr i t t en  as:  

and 

I/R 
l im f (~2 + 1 )q  e i ~ (  ~V~+l -~cc~a) dE = 

I/R-,.'~ -I/R 

lira 2 f  I/R ikRV~+ 1 (r + 1)�89 e 
i/R ---*, ,J 

0 

COS(~ kR cos  a)d~ = i~H(ol)(kR s ina )  

l im f i/R 

i/R--*-- -I/R 

ikR(~/~2+ i-~cos a) {ikR(~2 + l)-i (~2 + i)-4/2}d ~ _ 
e 

= - i ~ k R  sin a H(ll)(kR sin a) 

The ve loc i ty  potent ia l  at l a rge  d i s t ances  f rom the or ig in  fo r  an infinite 
long c y l i n d e r  b e c o m e s :  

~(r ~) q ~ -  + 7 2 
eikR~-~- ~ = 1 +i~r 2~ [[ (kc2R2- k2R2c~162 p ~ =  k2R2sin2a} �9 

The s a m e  r e s u l t  has been  obtained by  P.  le Grand [1 ] ,  who u sed  a 
F o u r i e r  t r a n s f o r m  technique.  

N u m e r i c a l  r e s u l t s .  
Equat ion  23 is n u m e r i c a l l y  eva lua ted  fo r  the spec ia l  c a se  h / R  = 0.1 

kR : 1.5 a =  ~r/2 1/R : 1 P/Pc : 1 .2  k / k  c : 0 .8 .  
Each  one of these  quant i t ies  is va r i ed ,  l eav ing  the o the r  quant i t ies  f ixed.  

The reduc t ion  of sound in tens i ty  f a r  away  f r o m  the s o u r c e  is e x p r e s s e d  
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i n  d e c i b e l s  a c c o r d i n g  to  the  d e f i n i t i o n  e q u a t i o n  

D = 2 0  101og I~r ~ 1 ~ 1  
F i g .  1 t i l l  6 s h o w  the  s o u n d  r e d u c t i o n  due  to  t he  e f f e c t  of  the  c y l i n d r i c a l  
s c r e e n  a s  a f u n c t i o n  of the  v a r i o u s  p a r a m e t e r s .  

1. P. le Grand, 
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